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Abstract. We solve the Gardner deformation problem for the N—2 supersymmetric 
a=4 Korteweg-de Vries equation (P. Mathieu, 1988). We show that a known zero- 
curvature representation for this superequation yields the system of new nonlocal 
variables such that their derivatives contain the Gardner deformation for the classical 
KdV equation. 



Introduction. The classical problem of construction of the Gardner deformation [T] 
for an infinite-dimensional completely integrable system of evolutionary partial differ- 
ential equations essentially amounts to finding a recurrence relation between the in- 
tegrals of motion. For the N=2 supersymmetric generalizations of the Korteweg-de 
Vries equation [21 E] , the deformation problem was posed when the integrable triplet of 
such super-systems was discovered. Various attempts to solve it were undertaken since 
then (e.g., see [2]) but the progress was limited. The first solution for the A^=2, a=4 
SKdV in the triplet a G {—2,1,4} was achieved in [3]; in that paper, we stated the 
'no-go' theorem about the impossibility to deform this super-equation in terms of the 
superfield (but not the impossibility to deform it by treating the components of the su- 
per-field separately, see below), c.f. p]. We then presented the two-step solution of the 
deformation problem: We obtained the Gardner deformation for the Kaup-Boussinesq 
equation, which is the bosonic limit of the super-equation that precedes the N=2, a=A 
super-KdV in its hierarchy. We thus derived the recurrence relation between the Hamil- 
tonians of the bosonic limit hierarchy and then we showed how each conserved density is 
extended to the super-density for the N=2 super-system. In other words, we deformed 
the bosonic subsystem of the super-equation at hand within the frames of the classical 
scheme [1], whence we recovered the full N=2 supersymmetry-invariance. 

In this paper we re- address, from a principally different viewpoint, the Gardner defor- 
mation problem for a vast class of (not necessarily supersymmetric) KdV-like systems. 
Namely, in [1] we emphasized the geometric likeness of the Gardner deformations and 
zero-curvature representations, each of them manifesting the integrability of nonlinear 
systems. Indeed, both constructions generate infinite sequences of nontrivial integrals 
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of motion. We stress that, in general, the two constructions are not equivalent, although 
they provide similar results. It is precisely this correspondence which we study in this 
paper for the graded KdV systems. 

Developing further the approach of [5], we reformulate the Gardner deformation 
problem for the graded extensions of the KdV equation in terms of constructing pa- 
rameter-dependent families of new bosonic and fermionic variables. We require that 
the 'nonlocalities' possess two defining properties ([6l [7]): on one hand, they should 
reproduce the classical Gardner deformation from [1] under the shrinking of the N=2 
super-equation back to the KdV equation. On the other hand, we consider the non- 
localities that encode the parameter-dependent zero-curvature representations for the 
super-systems at hand. In this reformulation, we solve P. Mathieu's Open problem 2 
of [3] for the N=2 supersymmetric a=4-KdV equation. However, our approach is ap- 
plicable to a much wider class of completely integrable (super-)systems. 

This paper is structured as follows. We first fix some notation and compare the no- 
tions of Gardner's deformations and zero-curvature representations by using their unify- 
ing description in terms of nonlocal structures for partial differential equations (PDE). 
In section [2] we proceed with this correspondence for Z2-graded systems of evolutionary 
PDE and solve the Gardner deformation problem for the N=2, a=4 SKdV f l2I?]) . The 
nature of the new solution is geometric and it presents an alternative to the analytic 
two-step algorithm that works for graded systems and which we reported earlier in 

1. Preliminaries 

In this section we fix some notation, which follows |Sl[ni[in]- Let 17" be an n-dimensional 
manifold, 1 ^ n < oo, let vr : 17" be a vector bundle over of fiber dimension 

m. Consider the jet space J°°(7r) of sections of the vector bundle vr. The local coordi- 
nates on J°°(7r) are composed by the coordinates on U"-, coordinates along the 
fibers of it, and coordinates u^. along the fibers of J°°{'n') — )■ here cr is a multi- index 
and u{pj = uK The commuting vector fields ^ = d/dxi + ^ u^^d/du^ on J°°(7r) are 

called total derivatives. The operators ^ that act on the space of smooth functions 

on J°°(7r) are defined inductively by the formula = ^ o 
Consider a system £^ of r parital differential equations, 

{F^(a;,,M,...,M^...) = 0, £=l,...,r}. 

The system {F^ = 0} and all its differential consequences j^F^ = 0, |cr| > 1 gen- 
erate the infinite prolongation of S, which we denote by S'^. The restrictions of 
^ on £°° determine the Cartan distribution C on the tangent space T£°°. Here 
and in what follows, the notation ^ stands for the restrictions of the total deriva- 
tives onto S°°. There is the decomposition of the tangent space TS°° to the di- 
rect sum of the horizontal (the Cartan distribution) and the vertical vector spaces, 
TS°° = C® V£°°. Let Ai'°(f°°) = AnnC and A°'i(f°°) = kimVE^ be the C°°{£°°)- 
modules of contact 1-forms and horizontal 1-forms vanishing on C and V£'^ , respec- 
tively. Let K'\£'^) denote the C°°-module of r-forms on . We have the decom- 
position A'^(£°°) = 0g+p=^AP'9(^°°), where AP'«(^°^) = /\^ A^^^{£^) A A^A°'H^~)- 
According to this decomposition, the exterior differential splits to the sum d = d + de 
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of the horizontal differential d : A^''?(£^°°) — )■ K^^'^^^^E'^) and the vertical differential 
dc : A*''«(^~) -> AP+i'«(f °°)._ 

The differentials dc and d can be expressed in coordinates by their actions on the 
elements G C^{£°°) = A°'°(£°°), whence 

i o-,fe 

here = dw^ — ^ dx* are the Cartan forms. 

i 

1.1. Zero curvature representations and coverings. Consider the tensor product 
over C of the exterior algebra A(£^°°) = /\* A^'^{S°°) with a finite-dimensional complex 
Lie algebra q. The product is endowed with the bracket [Afi, Bu] = [A, B]fj, A u for 
/X, G A{£°°) and A, B E g. The tensor product A{£°°) (g) g(C) is a differential graded 
associative algebra with respect to the multiplication Afi ■ Bu = {A ■ B)^ A u induced 
by the ordinary matrix multiplication so that 

d{p ■ a) = dp ■ a + {—lYp ■ da 

for p e A' {8°°) (g) 0(C) and a e A'{S°°) ^ g(C), whereas 

[p,a]= p-a-{-iy'p-a. 

The elements of C°°{£°°) (g> g will be called the Q-matrices [S]. 

Definition 1 ([8j). A horizontal 1-form a G A^{S°°) ® g is called the g- valued zero- 
curvature representation for the equation S if the Maurer-Cartan condition holds: 

da = -[a, a]. (1) 

If a = J2^=i^i^^\ where At G g, is a g-valued zero- curvature representation for S, 
then we have 

= da - ^[a,a] = ^{-£rAj - ^Ai)dx' A dx^ - ^[Ai,Aj]dx' A dx^ = 0. 

i<j i<j 

Therefore, equation ([1]) is equivalent to the following set of conditions upon the g- 
matrices Af 

£A,-£,A, + [A,Aj] = 0, V2,j = l,...,m:*^j. (2) 

The most interesting zero- curvature representations for £ are those which contain 
a non-removable spectral parameter; in this case the system S is integrable. (The 
parameter is removable if one obtains gauge-equivalent zero-curvature representations, 
see section [L3] for details, at different values of the parameter; otherwise, the parameter 
is non-removable, or "essential.") 

We recall that n is the dimension of the base 17" for the vector bundle tt. From now 
on, we consider mainly (1 + l)-dimensional systems, i.e., we let n = 2 and interpret one 
independent variable as the time t and the other as the spatial coordinate x. With the 
conventions n = 2, x^ = x, x'^ = t, Ai = A, and A2 = B, the Maurer-Cartan equations 
I^M> read 

i,A-^B+[A,B]=0. (H) 
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This is the compatibihty condition for the auxihary hnear system 

where \1/ is a wave function and matrices A and B belong to the tensor product of a 
matrix Lie algebra q and the ring C°°{S^) of smooth functions on the prolongation S^. 
If the matrices A and B depend on the spectral parameter and it is non-removable, then 
the equation £ is integrable [TT] . 

The construction of Gardner's deformations pQ is another way to prove the integra- 
bility of evolution equations S. 

Definition 2 (Gardner's deformation pQ). Let £ = {ut = f{x,u,Usc, ■ ■ ■ ,Uk)} be a 
system of evolutionary partial differential equations upon the unknowns u{x,t) in two 
variables. Let Eg = {ut = fe{x,u,Ux, ■ ■ ■ ,Uk;e) \ fe G im^} be a deformation of £ 
such that at each point e G X C M there exists the Miura contraction xn^ = {u = 
u{u,Ux, ■■■',£} '■ — >■ Then the pair (£^e,me) is the Gardner deformation for the 
system £. 

One obtains the recurrence relations between the conserved densities Un{x, u, u^, ■ ■ ■) 
for £ using the contraction trie and the expansion u = Y2n=o'^n^'^ of the deformed 
unknowns u in e. 

In the recent paper [7] we understood Gardner's deformations in the extended sense, 
namely, in terms of coverings over PDE and diagrams of coverings. The zero-curvature 
representations and Gardner's deformations can be considered as such geometric struc- 
ture£| that obey some extra conditions. 

Definition 3 ([10]). Let the assumptions on p. [2] hold and let the notation be as 
previously fixed. A covering over the equation £ is another (usually, larger) system of 
partial differential equations £ endowed with the n-dimensional Cartan distribution C 
and such that there is a mapping t: £ ^ £°° for which, at each point 6 E £ the tangent 
map r^, is an isomorphism of the plane Cg to the Cartan plane Cr(e) at the point t{6) 
in £^. ' 

In practice, the construction of a covering over £ means the introduction of new non- 
local variables such that their compatibility conditions lie inside the initial system £°°. 
Whenever the covering is indeed realized as the fibre bundle t: £ ^ £, the forgetful 
map r discards the nonlocalities. 

In these tems, the zero- curvature representations and Gardner's deformations are 
coverings of special kinds (see Examples [2] and H] below) . In this paper we use the 
geometric closedness of the two notions and construct new Gardner's deformations 
from known zero-curvature representations (but this is not always possible). 

Example 1 (A zero- curvature representation for the KdV equation). Consider the 
Korteweg-de Vries (KdV) equation [T] 

^^KdV = {ut + Uxxx + Quua, = 0} (3) 

^Backlund (auto)transforniations between PDE appear in the same context. In [7] we argued 
that the former, when regarded as the diagrams, are dual to the diagram description of Gardner's 
deformations. 
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and its Lax representation [H [HI [H] 
where 



^=Z& + ^' ^ = -4£t - 6«i^ - 3n.. (4) 
The hnear auxihary problem [12] is 

By definition, put ipo = and tpi = ipx- We obtain 

i'oix = V^i, 

= (A - m)V^O, 

^0;* = ~ ")^o) - 6mVi - ^Uxi'o = Uxi'o + (-4A - 2m)V'!, 

We finally rewrite this system as two matrix equations |12j . 



^0;xA _ / A /^o\ /^V^O;A _ «x -4A - 2u\ M 

/ U - M 0/ Ui / / V -4A2 + 2mA + 2^2 + j U 



^1 

This yields an s[2(C)-valued zero-curvature representation a^'^^ = Adx + Bdt for the 
KdV equation ([3]). The representation a^'^^ was rediscovered in [T3] . 



Example 2 (Zero-curvature representations as coverings). Let g := sl2(C) as above. 
We introduce the standard basis e, h, f in q such that 

[e,h] = -2e, [ej] = h, [f,h]=2f. 

We consider, simultaneously, the matrix representation 

p : s[2(C) ^ {M G Mat(2,2)|trM=0} 

of g and its representation in the space of vector fields with polynomial coefficients on 
the complex line with the coordinate w: 

= (n = (I M, p(/) 



g{e) = 1-d/dw, g{h) = —2w-d/dw, g{f) = —w'^-d/dw. 

Let us decompose the matrices Ai (which occur in the zero- curvature representation 
a = J2i Aidx^) with respect to the basis in the space pig), 

A, = a« ® p(e) + a« ® p{h) + af ® p(/), (5) 

for af e C°^{S°°). 

To construct the covering S over with a new nonlocal variable w, we switch from 
the representation p to f). We thus obtain the vector fields 

Va^ = a» ® ^(e) + a^^ ® f?(/i) + af ® f?(/) P) 
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such that the prolongations of the total derivatives ^ to £^ are defined by the formula 

dx' dx' ^^i' (^) 

The extended derivatives act on the nonlocal variable w as follows 

-^w = dw^ (-Va,)- 

Remark 1. The commutativity of the prolonged total derivatives = with 

i ^ j is equivalent to the Maurer-Cartan equation ([2]): Indeed, we have that 

= tdi^' dfj] = [-^F - Va,] = -£t] - VaJ - [^a^-^ h^j] + 1^^,, V^J = 

= -^^A +KiL^ +^[A.A1 = ^^A._^A.+M.A,1 ^ ^^^-^A^ + [^^^A^]=0- 
This motivates the choice of the minus sign in 

Example 3 (A one-dimensional covering over the KdV equation). One obtains the cov- 
ering over the KdV equation from the zero-curvature representation a (see Example [T]) 
by using representation in the space of vector fields. Applying to the matrices 
A, B & s[2(C), we construct the following vector fields with the nonlocal variable w: 

Va = {l-{X-u)w^)-d/dw, 

Vb = [{-AX - 2u) - 2uw - + 2uX + + u^^)w^\ ■ d/dw. 

The prolongations of the total derivatives act on w by the rules 

= — 1 + (A — u)w'^^ (7a) 

wt = - ((-4A - 2u) - 2u^w - (-4A^ + 2uX + 2u^ + u^^)w'^) . (7b) 

We thus obtain the one- dimensional covering over the KdV equation It depends on 
the non-removable PH] spectral parameter A. In what follows we show that this covering 
is equivalent to the covering f|T2l) which is derived from Gardner's deformation f|TT]) of 
the KdV equation ([3]). 

1.2. The projective substitution and nonlinear representations of Lie algebras 
in the spaces of vector fields. Suppose g is a finite-dimensional Lie algebra. We 
shall use the projective substitution [5J to construct a covering over the equation S 
starting from a g- valued zero-curvature representation for S. 
Let M be an m-dimensional manifold with local coordinates 

V = {v^, v^, . . . , v"^) G M, and put = (9^i, 9^,2, . . . , (9^m)*. 

For any G C ^[^(C), its representation Vg in the space of vector fields on M is given 
by the formula 

Vg = v^gdy. 

We note that Vg is linear in f*. By construction, the representation preserves the 
commutation relations in the initial Lie algebra g: 

At all points of M where f 1 7^ we consider the projection 

vr : ^ = fiv'/v\ /i G M (8) 
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and its differential dn : ^ dyj. The transformation vr yields the new coordinates on 
the open subset of M where ^ and corresponding subset of TM: 

^ m 

w = . . . = ( — y^w'^^^,^^2,...,^^,r^). 

^ 1=2 

Consider the vector field Wg = dniVg). In coordinates, we have 

Wg = wgdl (9) 

We note that, generally, Wg is nonlinear with respect to w^. The commutation relations 
between the vector fields of such type are also inherited from the relations in the Lie 
algebra g: 

[Wg,Wf] = [dn{Vg),dn{Vf)] = d7r{[gj]) = rfvr(V[,,;]) = W^gj^. 

Using representation (Q for the matrices A and B that determine the zero- curvature 
representation a^'^^ = Adx + Bdt for the KdV equation, we obtain their realizations 
in terms of the vector fields: 

Wa = -(-Xw^ + + uw^) d/dw, 

Wb = -(-u^xW^ - 2uxij,w + 4A^w^ - AXf/ - 2\uw'^ - 2i/u - 2u^w^) d/dw. 
Therefore, the prolongations of the total derivatives act on the nonlocality w as follows: 

Wx = { — AW + jJL (10a) 

A* 

wt = --i-Uxxw'^ - 2uxfiw + 4AV - 4A/i^ - 2\uw^ - 2fi^u - 2u'^w'^). (10b) 
/i 

The parameter /i is removable by the transformation w — )■ ^w, which rescales it to unit. 
Applying this transformation to f llOp . we reproduce the covering ([7]). 

Example 4 (A covering which is based on Gardner's deformation). Consider the Gard- 
ner deformation [T] of the KdV equation ([3]), 

Se = {ut = -{uxx + ^u"^ -2e'^u^)x} , (11a) 
= {u = u — eux — e^u^^ : E^^ — )■ £q. (Hb) 

Expressing Ux from ( lllbp and substituting it in flllap . we obtain the one- dimensional 
covering over the KdV equation, 

Ux = -{u — u) — eu^, (12a) 



Ut = -iuxx + 2u^) H — -Ux H — ^-M + ( —2ux u r I M + ( 26U H — ] u'^, (12b) 



We claim that covering f[T2|) is equivalent to the covering that was obtained in [TO 
p. 277] for the KdV equation. To prove this, we first put u = —v /e. We have 

V I I I 
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in other words 



1 



Next, we put p = v + l/{2e), whence we obtain 

Px = u+p'^ - (13a) 

Pt = -Uccx - - + ^ - 2mxP - {e^u + ^)p^. (13b) 
Dividing ([7]) by w^, we conclude that 

Wx = —1 + {\ — u)w'^, 
Wx 1 , , 

— = -u + X. 

yjZ y^Z 

On the other hand, we put p = 1/w, whence Px = —Wx/w'^, and set A = l/(4£:^). This 
brings ([7]) to the same notation as in formulas ffT5]) . 

2 1 

Px=u + p 

Px = u + p^ - X. 

The corresponding one-form of the zero-curvature representation for the KdV equation 
is equal to 

^Kdv ^ ^0 ^- Ada:+( ^ -4^' + + + dt. (14) 

\^i y \^— 4A — 2u y ^ ^ 

In the next section we show that this zero curvature representation is also equivalent 
to a^'^^ from Example [H 

1.3. Gauge transformations. Let G be the Lie group of the Lie algebra q (so that 
G = SL2{C) in the previous example). Given an equation S, for any- zero curvature 
representation a there exists the zero-curvature representation such that 

= dS-S-^ + S-a-S-\ S eC°^{S^)^G. (15) 

The zero- curvature representation is called gauge-equivalent to a and S is the gauge 
transformation. Suppose a = Aidx^. The gauge transformation S acts on the compo- 
nents Ai of a as follows 

Af = £{S)S-^ + SA,S-\ m) 

Example 5 (The relation between the coverings which stem from gauge equivalent zero 
curvature representations). Let q = s[2(C) and G = SL2{C). Suppose 5* G SL2{C), so 
that 

S=('' 'A, detS = l. 

Let a = ^- Aidx"^ be a zero-curvature representation for an equation £. Using decom- 
position dS]) for Ai G s[2(C), we inspect how the gauge transformation 5* acts on the 
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components of a: 

= i^AS)S~' + ® p(e) + a« ® p{h)af ® p{f))S-' 



dx 

dx 



^{S)S-^ + a« ® {S ■ p{e) ■ S-') + a'i^ ® {S ■ p{h) ■ S'^) + af ® {S ■ p{f) ■ S~^), 

Sl-iSA - S2;iS3 S2-iSi - Si;iS2\ ^ f Si-iS4 - S2-iS3 S2-iSi - 81-182 
S2-iSl - Si;iS2)p(e) + (si;iS4 - S2-iS3)p{h) + (s3;iS4 - S4;iS3)p(/) 



S ■ P{e) ■ = (^-^l^ = (s?)p(e) + {-8,8,)p{h) + (-^I)p(/), 

S ■ p{h) . = ('^'^ -'i.a) = (-^^i^^)-^^^) + ^'^'^ + ^2^3)P(/^) + (2.3^4)P(/), 
S ■ P{f) ■ = (^'l^ = {-8l)p{e) + {828Mh) + (sDpif), 

We finally obtain 
Af = (s2;iSi - Si;iS2 + s^a^*) - 2siS2ai;^ - sjaf) ® p(e) + 

+ (si;iS4 - S2;iS3 - SiSsa^*^ + (S1S4 + S2S3)a^*^ + S2S4af) (g) p(/i) + 

+ {s3;iS4 - SA-iS3 - Sga^ + 2s3S4aJ^*^ + sjaf) (g) p(/). 
Passing to the vector field representation of Af by using formula we have 

Vas = (s2;jSi - 81-182 + s^a^*^ - 2siS2ai*^ - Saa^*^) (g) ^(e) + 

+ (Sl;iS4 - S2;iS3 - SiSsa^*) + + S283)a^^^ + 8284af) (g ^(/l) + 

+ {s3;iSA - 84-,i83 - Sg^'^ + 2S3S4aj^*^ + 540^*'') (g ^(/). (16) 

In other words, whenever we start from the covering of S associated with a zero- 
curvature representation a, such that the differentiation rules for the nonlocality w 
are 

^H = -a«+2a««; + 4V, 
we obtain the covering which is associated with a^: 

^{Ws) = -{s2;iSl - 8i-i82 + S^O^*^ - 28i82a^h " ^(^f) + 

+ 2(si;iS4 - S2;iS3 - SlSga^*) + (3184 + 8283)a'j^^ + 8284a^j^)ws + 

+ {s3;iSA - S4;iS3 - SgC^ + 25354^*^ + 8laf)wl. (17) 

We shall use this relations between the two coverings in the search of the gauge 
transformations between known zero-curvature representations for the KdV equation. 

Example 6 (Gauge transformations between zero-curvature representations for the 
KdV equation). Let us find the gauge transformations that bring coverings ([7j) and (fT2il 
to the form ffT3l). 
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For the transformation fl7|)— we have 

Px = U + ~ X = -{s2-xSl - Si;^S2 + si - sl{\ -U) + 

- 2(Si;a;S4 - S2-xS2. " + S2Si{X - u))p - 

- (S3;XS4 - S4;xS3 " S3 + sl{X - u))p^) . 

Solving this equation for Si, we find a unique solution S2 = S3 = i, Si = S4 = 0: 

S=f° '1. S-=f°. -„'V (18) 



The matrices of the zero curvature representations ([7j) and f[T^ are related as follows: 
'0 A / l\ / -A fO X-u 



i OJ \X-u OJ \-i J \1 
On the other hand, for the transformation f[T^ — »- fll3p we have 

Px = u + p'^ - ^ = -{s2-xSi - Si.xS2 - sl- + S1S2- - sje + 

u 1 

- 2(Si;^S4 - S2-xS3 + SlS-i- - (S1S4 + ■S2S3)^ + S2Sie)p - 
~ [.S^-^xSa — S^-^xSy, + S3— — ■^3-54- + S^SjP ). 

Solving this equation for Sj, we find a solution si = i/y/e, S2 = i/{2ey/e), S3 = 0, 
S4 = iy/e. Therefore, 



-2v^ ; ' V 



The matrices of the zero-curvature representations f[T^ and f[T^ satisfy the relation 



Let us recall that in Example [1] we derived the zero-curvature representation for the 
KdV equation from its Lax pair. Having done that, we also revised the transition from 
this zero-curvature representation to the Gardner deformation of the KdV equation. In 
the next section we extend this approach and find the generalizations of Gardner's de- 
formation ffTTl) for graded systems, in particular, for the A^=l and N=2 supersymmetric 
Korteweg-de Vries equations. 

2. Graded systems 

2.1. Lie super-algebras. We recall first the definition of the Lie super-algebra [HI 
fT5| [16] . Let A be an algebra over the field C and Z2 = Z/2Z = {0, 1} be the group of 
residues modulo 2. An algebra A is called a super- algebra if A can be decomposed as 
the direct sum .4 = ^0 © -^i such that 

Aq- Aq c Ao, Aq- Ai c Ai, Ai- Ai c Aq. 

A nonzero element of Aq or Ai is called homogeneous (respectively, even or odd). Let 
p{a) = k if a G Ak ioT k G Z2. The number p(a) is the parity of a. 
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The super-algebra g is a Lie super-algebra if it is endowed with the multiphcation 
[■ , •] that satisfies the equahties 



here x, y, and z are arbitrary elements of A and x, y are presumed homogeneous. 

The super-matrix structure of a matrix is achieved whenever the parity is assigned 
to its rows and columns. We choose the super-matrix structure such that rows (respec- 
tively, columns) which are assigned the even parity always precede the rows (columns) 
of odd parity [13]. If a matrix has r even and s odd rows and p even and q odd columns, 
then its dimension is said to be equal to {r \ s) x [p \ q). In particular, we shall use 
the shorthand notation [p \ q) for the dimension {p \ q) x {p \ q)- We denote by 
Mat(p I q; A) the set of all matrices of dimension {p \ q) with elements that belong the 
super-algebra A. 

Let us introduce the super-matrix structure on the space Mat(p | q:,A). Consider a 
matrix X = ( ^ ^ ) G Mat(p | g; A) and set 



Taking into account the graded skew-symmetry (120|) of the bracket [■,■], we define the 
Lie super-algebra structure on the space Mat(p | g; A) by the formula 



The Lie super-algebras 0l(m | n) = Mat(m | n, C) and s[(m | n) = {X G Qi{m \ 
n) \ strX = 0}, where str (^ ^) = tiR — trU, are called the general linear and special 
linear Lie super-algebras, respectively. 

To calculate the super-commutator [X, Y] of two nonhomogeneous elements X and 
y, we first split X = Xq + Xi and Y = Yq + Yi so that p{Xo) = p{Yq) = and 



p(Xi) = p{Yi) = 1. Using ([22D, we obtain 

[X, Y] = [X-o + Xi, Yq + Fi] = [Xg, Xg] + [Xg, Y^] + [X^, yg] + [Xj, Y^] = 

= (XgFg - FgXg) + (XgFi - FiXg) + (X^Fg - FgXi) + {X^Yi + Y^Xi). (23) 



The super-determinant, or the Berezinian of an invertible matrix X = ( ^ ^ ) G Ql{m 
n) is given by the formula [T6] 



Example 7. In what follows, we shall use the Lie super-algebra s[(l | 2) ~ s[(2 | 1), 
see [17]. Its representation in the space Mat (2 | 1; C) is given by the eight basic vectors. 



= -(-i)p(^w^)b,4, 

[x, b,^]] = [[a;,y],z] + (-l)^'(^)^'(^)b, [x,z]]. 



(20) 
(21) 



p(X) = ifp(i?i,)=p(f/,,) = 0, p{%,)=p{Si,) = l- 
p{X) = l ifp(i?,,) =p(f/,,) = 1, p{T,,)=p{S,^) = Q. 



[X, Y]=XY - (-l)P(^)p(^)rx, X, F G Mat(p \q]A). 



(22) 
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four even: E^, E , H, and Z, and four odd: F^, F , and F , where 

^0 1 0\ /O 

E+=(0 E-=10 0l if 
o/ \ 

^0 o\ /O o"^ 

F-= 

^0 10/ 0/ 

The elements of the basis satisfy the following commutation relations: 





[H, E^l 


= ±E^ 


[H,F^] 


= ±iF± 


[H,F^] = ±lF^ 


[Z,H] 


= [Z,E^]=0 


[Z,F^]_ 


= iF± 


[Z,F^l=-'^F^ 


[E^.F^l 


= [E^,F^] =0 


[E^,F^] 


= -F± 


[E^,F^] =F^ 




= =0 


[F^,F^] 


= FT] = 


= E^ 


[E\E-] 


= 2H 




= ZtH. 





The Lie super-algebra sl(2 | 1) contains the Lie algebra s[(2, C) as a subalgebra. The 
vectors E^ and if form the basis in 5((2, C). 

The Lie super-group SL{2 | 1), which corresponds to the Lie super-algebra 5 [(2 | 1), 
consist of the matrices with unit Berezinian: 5*^(2 | 1) = {S* G GL{2 | 1) | sdet 5 = 1}. 

Remark 2. Consider the following three subgroups of the Lie super-group 5*^(2 | 1): 

^+ = I ( n 1 I r ' ^0=lfn nil' ^- 



Each matrix S G 5^(2 | 1) can be represented [18j as a product 5* = S+SqS^, where 
5*+ G G+, So G Gq, G G_. Due to the multiplicativity of the Berezinian, sdet S* = 
sdet ■ sdet 5*0 ■ sdet S*. = 1, and in view of the obvious property sdet 5*+ = sdet = 1 
for all elements of the groups G+ and G_, we conclude that sdet Sq = 1 for all So E Go- 
For the Lie super-group 5*^(2 | 1), the dimension of the matrix D is equal to 1 x 1 and 
the dimension of the matrix A is equal to 2 x 2. Let us show that Go — SL{2 \ 0). The 
condition sdet 5*0 = 1 for the matrix 5*0 G S'iy(2 | 1) imphes the equality det A = det D 
of the usual determinants of A and D. Therefore, to each matrix A G GL{2 \ 0) we can 
put into correspondence the matrix Sa G Gq by setting Sa = {q det a) conversely, 
to each matrix S = ( o _d) ^ SL{2 \ 1) we can associate the matrix A from GL{2 \ 0). 

2.2. Zero-curvature representations of graded extension of the KdV equa- 
tion. The graded extension of the Maurer-Cartan equation [2] has the form 

^A-£,Aj + [A,Aj]=0, = l,...,m:t^j. (24) 

Let us study in more detail the geometry of the A^=l and N=2 supersymmetry-invariant 
generalizations of the Korteweg-de Vries equation [21 [12] . 

2.2.1. N = 1 supersymmetric Korteweg-de Vries equation. The N = 1 supersymmetric 
generalization of the KdV equation is the sKdV equation [12] 
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where (j){x,t,6) = + Ou is a. complex fermionic super-field, 6 is the Grassmann (or 
anti-commuting) variable such that 6'^ = 0, the unknown u is the bosonic field, and ^ 
is the fermionic field. By using the expansion t,6) = ^ -\- 6u in fl2Sl) . we obtain 

ut = -Uxxx - Quux + S^^xx, (26a) 
6 = - - 3«).- (26b) 

The KdV equation (|3]) is underlined in fl26ap . 

Example 8 (Zero-curvature representation and Gardner's deformation of the sKdV 
equation). The sKdV equation (126|) admits the s[(2 | l)-valued zero-curvature repre- 
sentation 

where 

1 -i 

V-e. + ^e-' U + 2^^ - \e-% + i^-^e 

Let us construct the generalization S'^^^ G SL{2 | 1) of gauge transformation ( IT^ 
where we had S* G S'L2(C) ~ S'L(2 | 0). Taking into account Remark |2l we consider 
the ansatz S^^^ = S^^^Sq^^S^^^, where Sa G Ga, a G {+,0,—}. Bearing in mind 
that SL2{C) ^ SL{2 \ 0) C GL{2 | 0), we construct 5* by using following scheme: 

(1) we obtain an element Sq^^ by the multiplication of 5" from right and left by 
some matrices from G'L(2|0); 

(2) we specify the matrices S^^^ and S'^^^. 

We construct the matrix S'^^^ as follows 



S 



N=l 





2^ 








e 















(27) 



By applying the gauge transformation S'^^^ to the zero-curvature representation 
a^^^, we obtain the gauge-equivalent zero-curvature representation /3 for the sKdV 
equation ( 126|) : 
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where 



A, 



N=l 




Ux-ue ^ \{-2u^ - Uxx + ^^x) - jsUx - -^u \{-ixx - 2^m) - jiix - 
B^=^ = \2ue + e-^ Ux + ue"^ + e'^ ^x + ^^"^ 



+ i -ixx - e 



-3 



Let us recall that formula yields the representation of the matrices A^^^ and B^^^ 
in terms of vector fields. By this argument, from the zero-curvature representation 
we obtain the two-dimensional covering over the sKdV equation (12^ : one of the two 
new nonlocal variables is bosonic (let us denote it by ib) and the other, ^ is fermionic: 

Ux = — u^s + (£t — u)e^^ — 

Ut = \{2u'^ue^ + u^e^ - 2uue^ - 2uUxe^ - u + 2u'^e^ + u + Uxx^^ + UxS - luS,xS^ + lixx^'^ + 

+ ^^ue' + 2^^ue'-^^xe'), 
1 

^3 



6 = i^i-u^x£^ + ixxs"^ + ixS + 2iuue^ + iue^ - iue^ - iuxS^ - ^ - iue^ + 2iue^ + 0- 



We now express the local variables u and ^ from Ux and S,x and substitute them in ut 
and ^f. We thus obtain the Gardner deformation [3] of the sKdV equation fl26l) : 

£e = I'S* = Qu^UxS^ — 6uUx ~ Uxxx ~ '^iuixx^'^ + SffxX — SffajM^:^^, 

It = Stt^f^e:^ - 3u^x - Ixxx + S^uUxS^ - 3fMx|, 
= |n = -» - eux + ^ = I - - : ^ ^^sKdv- 

The original Gardner deformation ( 1TT|1 of the KdV equation ([3]) is underlined in the 
above formulas. 

In Example [8] we generalized, to the graded case, the scheme of constructing Gardner's 
deformations from known zero- curvature representations (see Example |6]). 

2.2.2. N = 2 supersymmetric Korteweg-de Vries equation. Let us consider the four- 
component generalization of the KdV equation ([3]), namely, the N=2 supersymmetric 
Korteweg-de Vries equation (SKdV) [2]: 

Ut = -Uxxx + 3{uViV2u)^ + {V{D2u')^ + Saw^n,., = J" + " ^' (29) 

where 

n(x, t] 6i, 62) = uo{x, t) + 61 ■ ui{x, t) + 62 ■ U2{x, t) + 9i92 ■ u^ix, t) (30) 

is the complex bosonic super- field, 61,62 are Grassmann variables such that 6^ = 62 = 
6162 + 6261 = 0, Mo, U12 are bosonic fields, and ui, U2 are fermionic fields. Expansion (l30il 
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uo-t = -uo-xxx + {aul - (a + 2)uoUi2 + {a - l)uiU2)^, (31a) 

Ul;t = -Ul;xxx + { (^ + 2)UoU2;x + («" l)%;xM2 " 3^1^12 + 3anoUi) ^, (31b) 

U2;t = -U2-XXX + (-(a + 2)uqUi-x - (a - 1)mo;xMi - 3m2Mi2 + 3aMoM2)^, (31c) 

^12;t = -U12-XXX - QUl2Ul2;x + ^aUO;xUO;xx + {a + 2)UqUq.xxx 

+ ^UiUi-xx + ^U2U2-xx + 3a(MQMi2 - 2UqUiU2) ^. (31d) 



The KdV equation is underhned in f l31dp . The SKdV equation is most interesting (in 
particular, bi-Hamiltonian, whence completely integrable) if a G {—2, 1, 4}, see P|H|I2U]. 
Let us consider the bosonic limit Mi = M2 = of system (pTj) : by setting a = — 2 we 
obtain the triangular system which consists of the modified KdV equation upon uq 
and the equation of KdV-type; in the case a = 1 we obtain the Krasil'shchik-Kersten 
system; for a = 4, we obtain the third equation in the Kaup-Boussinesq hierarchy. A 
Gardner deformation of the Kaup-Boussinesq system was constructed in |3]. 

The Gardner deformation problem for the N = 2 supersymmetric a = 4 KdV equa- 
tion was formulated by P. Mathieu in [2]. In the paper [4j it was shown that one can 
not construct such a deformation under the assumptions that, first, the deformation is 
polynomial in S, second, it involves only the super-fields but not their components, and 
third, it contains the known deformation f lTT]) under the reduction uq = 0, Ui = U2 = 0. 
Therefore, we shall find a graded generalization of Gardner's deformation f ill I) for the 
system of four equations (13T|) treating it in components but not as the single equa- 
tion ( 129|) upon the super-field. 

The SKdV equation (l3Ti) admits [211 I 2)-valued zero-curvature representation 

a^"^ = Adx + Bdt such that 



A 



rj — iuo rf — 2irjUQ 



1 




B 







U2 



U 

- Uii 



U12 



11 


hl2 


^13 


21 


b22 


&23 


31 


&32 


&33 




(32a) 
(32b) 
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where the elements of B are as follows: 

fell = - 4?7^ - 2r]Uo.J - 4:Uli + GUoU^i + 4MoMo;x + UO;xxi - Ul2;x + 4:U2Uii, 

bi2 = - 4?7^ + Arj^Uoi + '2-rfui2 - ^rjuli + SrjUoUui + 2rjUQ.xxi - " 2moMi2 - 

- AUqUq-xx + 2Ui2 - 4Uq.^. + Ui2:xx " U2U2-x + 4:U2Uir]i - 8U2U1U0 - UiUi-x, 
bl3 = - r]U2;x - VUl;xi - 5UoU2-xi + 5UoUi-x + U2-XX + Ui;xxi + 2M2?7^ + 2U2r]UQi - 

— 8m2^Xq + 2^2^12 — 4:U2Uo-x'i + ^uirfi — 2uir]Uo — Suiuli + 2uiUi2i + AuiUq-x, 

621 =2{-2r]'^ - 2r]UQi + 2ul - U12), 

622 = -4:1]^ + 2r]Uo.xi - 4Uoi + 6UoUi2i - ^UqUq-x + UO;xxi + Ul2;x + 4:U2Uii, 

623 =U2;x + ui;xi " 2m2?7 - 4u2Uoi - 2uirii + AuiUo, 
bsi =U2;x - ui-xi + 2u2r] + Au2Uoi - 2uiT]i + AuiUq, 

632 = - VU2;x + Wi;xi " 5uoU2-xi - 5moUi;x " U2;xx + Ui-xxi - 2u2rf' - 2U2r]Uoi + 

+ 8U2ul — 2^2^12 — 4u2M0;a;^ + 2Uirfi — 2UirjUQ — SMiUqZ + 2UiUi2i — 4UiUq-x^ 

633 =2(-4?7^ - Auli + 6^0^12^ + Uq-xx^ + 4u2Uii). 

Remark 3. Let us recall that the vectors Z, H and that belongs to s[(2 | 1), 

A o\ /o 1 o\ /o o\ /| o\ 

Z= I , ^+= , ^"=1 , /J= -\ , 
\0 01/ \0 00/ \0 00/ \0 00/ 

generate a basis in 0[(2, C). The vector Z commutes with any other vector from 0[(2, C). 

The reduction mq = mi = M2 = converts zero- curvature representation fl32|) to the 
gl(2, C)-valued zero-curvature representation of the KdV equation ([3]), 

(ri if -U12 \ 
1 r/ , 
2r]) 

I -Ar]^ - Ui2;x -Ar]^ + 2Tfui2 + 2^22 + Ui2;xx \ 

^Kdv = 2(-2r/2 - U12) -W + ui2,x 

\ -Sr^y 

Taking into account Remark [31 we obtain the sl(2, C)-valued zero- curvature representa- 
tion f lT4|) for the KdV equation ([3]) by omitting the summands t] ® Zdx and —Aif ® Zdt 
in Axdv and -BKdv and by denoting rj"^ = A. 

Proposition 1. The N=2 supersymmetric a=4 Korteweg -de Vries equation fl3T|) ad- 
mits t/ie covering that, under the reduction uq = Ui = U2 = of fl?I]) to t/ie iCf/F 
equation reduces to the covering that contains, in the form of (fT^ . t/ie known 
Gardner deformation of the KdV equation 
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Proof. Let us extend the gauge transformation f[T^ . which was determined by the 
element S of the Lie group SL{2, C). We let 





2^ 








e 














S^=' = e . (33) 
\ -ej 

Acting by gauge transformation ( 1331) on zero-curvature representation fl52]) . we obtain 
the graded zero- curvature representation that contains the "small" zero-curvature rep- 
resentation which is originates from f[T^ and gauge-equivalent to f lT^ for the KdV 
equation (|3]). Specifically, we have that 

~e iuo -e~^ , (34a) 

U2 + iui 2iuo — e^^ J 

(hi bi2 bi3\ 

B=\b2l b22 &23 , (34b) 
&32 ^33 / 

where the elements of the matrix B are as follows 

611 = Aiul - QiuoUu + 4mo-Uo;x - iuo;xx - Ui2-x - 4:iu2Ui + £^^{2ul - Ui2 - iuo-^x) - ie^'^uo, 

bl2 = £^""^(4^0 + 2ului2 + 4MoMO;xx - 2m^2 + 4Mo.^ - U^-^xx + U2U2-x + 8M2M1M0 + UiUi-x) + 

+ e''^{2iul - AiuoUu + 4moMo;x - iuo-^xx - Ui2;x - 2iu2Ui) + e'^{ul - - iuq-x) - 

— ie^^Uo, 

bi3 = e'^{-5iuoU2;x - 5uoUi-x - U2-xx + iui-xx + 8U2M0 - 2^2^12 - Aiu2UQ.x - Siuiul + 
+ 2iuiUi2 - AuiUo;x) + s~'^{-U2-x + iui-x - Siu2Uo - 3uiMo) + e'^{-U2 + mi), 

621 = 2e{-2ul + U12) + 2iuo + e~^, 

622 = 4mo - 6iuoUi2 - 4moUo;x - iuo;xx + Ui2;x - 4:iu2Ui + e'^{-2ul + Uu + iuo-x) + 

+ ie~^UQ + e"^, 

^23 = U2-X - iui-x + 4m2Mo + 4miMo + £~^{u2 - iui), 
bsi = £{—U2;x — iUi-x + ^iU2Uo — AUiUq) +U2 + iui, 

632 = hiUQU2-x - ^UqUi-x - U2-XX " i^i-xx + 8M2U0 - 2U2Ui2 + AiU2UQ.x + Smi^Q - 2iUiUi2 - 

- ^uiUq-x + e'^Uo{iu2 - ui), 

633 = 2(4mo - 6moMi2 - iuo-xx - 4m2Ui) + e~^. 

The projective substitution ([8]) yields the two-dimensional covering over the N=2, 
a=4: SKdV equation. Under the reduction uq = ui = U2 = 0, the covering contains (fT2|) . 
which is equivalent to Gardner's deformation (ITTi) of the KdV equation ([3]). The x- 
components of the derivation rules for the nonlocalites w and / are 

Wx = —ew"^ + e~^{w — U12) — fu2 — ifui — s'^ui — e~'^iuo, 



fx= - ewf - iuof + £ if -U2 + iui 
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here and in what follows we underline the covering f lT2|) that encodes the "small" Gard- 
ner deformation for the KdV equation. The t-components of the "large" covering over 
the N=2, a=4 SKdV are 

Wt = e{—4:w'^ul+2w\i2 — fwu2-x — ifwui-^ + 4:ifu2WUo — AfuiWUo) + 2iw'^Uo + 

+ 8wUoUo.^ -2wUi2-^ - 5ifUoU2-^ + 5/MoM1;x + fU2;xx + ifUv.xx + fU2W - 8fU2ul + 

+ 2fu2Ui2 — 4:ifu2Uo-x + ifuiw — Sifuiul + 2ifuiUi2 + 4/uiMo;x + e^^jw'^ + Awul — 

-2wUi2 - 2iwUo-x - 4:Uq - 2ului2 - AuoUo-xx+^^ - 4:ul.x +Ui2-xx - ifU2Uo + 
+ fUlUo — U2U2-X — 8U2U1U0 — UlUi-x) + e'"^ {—2iwUQ — 2iu\ + AiUoUu — 4UoMO;a; + 
+ iU0;xx +Ul2;x + 2iU2Ui) + - M0+M12 + IUq-x) + S'^^IUq, 

ft = 2£w{-2ful + /M12) + i-wu2;x + iwui-x + 2ifwuQ - Aiful + Gifuou^ + 4/moMo;x + 

+ ifUQ-xx - fUl2;x + 4i/M2Mi - 4iU2WUo - AUiWUo) + e'^{5iUoU2-x + 5MoM1;x + U2-XX - 
- iUi-xx + fw + 2/Mq - fUi2 - ifUo-x - U2W - 8U2ul + 2u2Ui2 + 4m2Mo;j: + iUiW + 

+ Smi^Q — 2iuiUi2 + AuiUq-x) + ^'^{u2;x — iui^x — ifuo + 3iu2Uo + SuiUq) + 

+ e-^{-f + U2-iui). 

This proves our claim. □ 

We finally remark that the reduction Uq = 0, Ui = (and the change of notation 
U2 — ^, Ui2 — i- u) maps this covering over the N=2, a=4 SKdV equation to the covering 
which was constructed in Example |8] for the A^=l supersymmetric Korteweg-de Vries 
equation f l25|l . 

Conclusion 

By now the Gardner deformation problem for the N=2 supersymmetric a=4 Korte- 
weg-de Vries equation ([S]) is solved. In this paper we have found the solution which 
is an alternative to our previous result in [Ij. Namely, we introduced the nonlocal 
bosonic and fermionic variables in such a way that the rules to differentiate them are 
consistent by virtue of the super-equation at hand and second, the entire system re- 
tracts to the standard KdV equation and the classical Gardner deformation for it ([!]) 
under setting to zero the fermionic nonlocal variable and the first three components of 
the N=2 superfield in f l29|) . At the same time, the nonlocal structure under study is 
equivalent to the si{2 \ l)-valued zero-curvature representation for this super-equation; 
the zero- curvature representation contains the non-removable spectral parameter, which 
manifest the integrability. 

Our new solution of P. Mathieu's Open problem 2 (see p]) relies on the interpretation 
of both Gardner's deformations and zero- curvature representations in similar terms, as a 
specific type of nonlocal structures over the equation of motion. However, we emphasize 
that generally there is no one-to-one correspondence between the two constructions, 
so that the interpretation of deformations in the Lie-algebraic language is not always 
possible. Because this correlation between the two approaches to the integrability was 
not revealed in the canonical formulation of the deformation problem [3] , there appeared 
some attempts to solve it within the classical scheme but the progress was partial. Still, 
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the use of zero-curvature representations in this context could have given the sought 
deformation long ago. 

Let us also notice that projective substitution (jS]) correlates the super-dimension of 
the Lie algebra in a zero- curvature representation for a differential equation with the 
numbers of bosonic and fermionic nonlocalities over the same system: a subalgebra of 
qKp I q) yields at most p — 1 bosonic and q fermionic variables. This implies that, for 
a covering over the N=2 supersymmetric KdV equation (|29|) to extend the Gardner 
deformation (ITT!) in its classical sense me'. ^ S (see [Il[2l[7]), the extension must be 
the system of evolution equations upon two bosonic and two fermionic fields. Therefore, 
one may have to use the sl(3 | 2)-valued zero-curvature representations. This outlines 
the working approach to a yet another method of solving the Gardner deformation 
problem for the N=2 supersymmetric Korteweg-de Vries systems fl29p . which we leave 
as a new open problem. 
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